Introduction. The aim of this paper is to extend the cohomology theory of Hochschild to commutative Banach algebras and to investigate some consequences that may be derived from this extension. Suppose A is an associative algebra and Pis an A1-module. Then in [5] (2) Hochschild attached to this pair, A, P a sequence of abelian groups Hk(A, P), k = 1, 2, • • • . These groups are called cohomology groups.
Three principal results of [5] are the following.
Theorem A. In order that the finite dimensional associative algebra A be separable, i.e. semi-simple over every algebraic extension of the ground field, it is necessary and sufficient that Hk(A, P) vanish for all two-sided A -modules P and all positive integers k.
Theorem B. If A is a finite dimensional associative algebra, then a necessary and sufficient condition that H2(A, P) should vanish for all A-modules P is that for every finite dimensional algebra B with radical R, if B/R = A, then there exists a subalgebra A' of B with B=A'@R. Theorems A and B are then used to give another proof of the Wedderburn principal theorem.
Theorem C (Wedderburn).
Let B be a finite dimensional associative algebra and R its radical. If A =73/7? is separable, then there exists a subalgebra A' of B with 73 = A'67?.
Without topological considerations if we do not require the algebra A to be finite dimensional, then Theorems A and C are no longer valid. For a discussion of this we refer the reader to [9] and [ll] .
When considering the Wedderburn principal theorem for Banach algebras we shall require that the subalgebra A' of 73 be closed and hence that A' is both isomorphic and norm-equivalent to A. In [4] , Feldman has shown that there exists a Banach algebra 73 with one-dimensional radical 7? such that 73/7? = /2 (the algebra of square summable sequences with coordinate-wise COHOMOLOGY GROUPS OF COMMUTATIVE BANACH ALGEBRAS 353 multiplication) but with no closed subalgebra A' of B satisfying E = 4'©E. Bade and Curtis [2] have considered the Wedderburn principal theorem in the case A = C(X), the Banach algebra of complex-valued continuous functions on a compact Hausdorff space X. Among other things they show the following. and if there exists a closed subalgebra 4' such that B = A'®R, then 4' is unique. (4) There exists a Banach algebra B with radical E and B/R= (c), the algebra of convergent sequences, such that no closed subalgebra A' satisfies E = 4'0E.
In this paper we consider commutative Banach algebras and define onesided "normed" 4-modules. We shall see that Theorem A does not extend, but that the connection between the vanishing of 772(4, M) for all normed 4-modules M and the Wedderburn principal theorem carries over to the present case almost in its entirety. §3 is devoted to a generalization of Theorem B.
In §4 it is shown that if X is a locally compact Hausdorff space, then for all normed C(X)-modules M, Hl(C(X), M)= {o} and H2(C(X), M) = {o}.
As a result the following Wedderburn type theorem holds. Suppose B is a commutative Banach algebra, X is a locally compact Hausdorff space, B/R=C(X), R is nilpotent and E and the closure of every even power of E have a Banach space complement in B. Then there exists a unique closed subalgebra C of B with B = C®R.
1. Basic definitions. (ii) (M, •) is a left 4-module in the usual sense, (iii) sup{||a-»î|| | ||a|| =||m|| = l} < ». In case (M, •) is a normed 4-module, ||a7|| will denote sup{||a-m|| | ||a|| = ||m|| = l}.
Since we shall be dealing principally with one-sided left modules the adjectives "one-sided" and "left" will usually be omitted. Two extreme but useful types of modules are described in the following definition. It is easy to see that if 4 has an identity then Definition 1.2(i) is equiv-aient to the usual definition of unital (unitary) module. If A is a commutative Banach algebra and (M, •) a normed A -module, then one can use the fact that each mQM may be written as ra = l-ra + (ra -1-w) to prove the following. Theorem 1.1. Suppose A is a commutative Banach algebra with 1 as the identity and (M, •) is a normed A-module. Let Mo= {raGAf|*-ra = 0/or all xQA} and Mx={l-m\mQM}.
Then (Mo, •) is a zero normed A-module, (Mx, ■) is a unital normed A-module and M= Ma@Mx.
If A lacks an identity, then A-modules need not be decomposable as a direct sum of a zero normed A-module and unital normed A1-module. Indeed let A be the algebra of absolutely convergent sequences on the integers with addition and multiplication defined coordinate-wise. Let ii=L1(0, 2tt). If aQA and/GT-KO, 2tt) let a-f be that function in Ll(0, 2r) whose Fourier transform is given by (a-/)\ = 0 if w<0 and (a-/)\ = a"/" for «^0. Then
Mo= {fQL^O, 2tt)|/" = 0 for ra^O}. But M0 has no complement in M [S]. Definition 1.3. Let 7 be a bounded isomorphism of the commutative Banach algebra A onto the commutative Banach algebra A'. The normed A'-module (M, •) and normed ^'-module (M', •') are said to be isomorphic provided there is a bounded isomorphism 7' of M onto M' such that for all aQA and mQM, 7'(a-ra) =7(a) -'7'(ra).
We now list a series of definitions relating to cohomology groups on which most of the results are based. In Definitions 1.4 through 1.8, A will always represent a commutative Banach algebra, (M, •) a normed A-module and k an element of w, the set of positive integers. Remark. Example 2.1 will show that B2(A, M) is not necessarily closed in CA(A, M) and thus cohomology groups need not be Banach spaces.
We state without proof two theorems which may be easily verified. As a result of Theorems 1.1, 1.3 and 1.5 the vanishing of cohomology groups of algebras with an identity depends only on whether the corresponding groups vanish over unital modules. Now let 4 be a commutative Banach algebra without an identity. Then we let A. be the algebra obtained by adjoining a unit to A in the usual way [7, p. 59] . Elements of A, are denoted by x* or (x, X) for xG4 and X a scalar. The multiplicative identity (0, 1) is denoted by e. The norm of Xx is Ml+W. 2. Some examples. As we noted in the introduction, a basic theorem in [5 ] states that a necessary and sufficient condition that a finite dimensional algebra A be separable is that 77*(A, M) should vanish for all 2-sided Amodules (M, •) and all kQos.
We show now that if we add the condition that A he a commutative Banach algebra, remove the requirement that A be finite dimensional and consider normed A-modules and bounded cochains, then this result need no longer be true. We give three examples of Banach algebras A and normed A1-modules (M, •) for which 772(A, M)^{o}.
Example 2.1. Let A=l2 and {ek} be a complete orthonormal basis. If x= y^2t.1xkekandy= ^t-xVkek, define multiplication in A hyxy= ^k.xXkykek. Then A1 is a commutative semi-simple Banach algebra. Let K he a 1-dimensional Banach space and assume • is defined to make (K, ■) a zero normed A1-module.
We define the bounded (2, K)-cochains /" by fn(x, y) = 2t=i xkyk/k112. Then one sees that/"GZ2(/2, K) for all nQw. If g(x) = -X£.i xk/k1'2, then g" is a bounded linear functional with Sgn=/n and so fnQB2(l2, K). The we may conclude that B2(A, K)^C2(A, K) and that H2(A, K)^\o}.
In the following example we anticipate a result of §4. Example 2.3. Let A be the algebra of continuous functions on the unit circumference which are boundary values of functions analytic on the unit disc. For u, vEA, define/(m, v) by
We shall see (Lemma 4.5) that if/=5g, then for 2^«Gw
Now f(z, z) = 2 and /(z, zk)=zk~1 if k>l, where z is the identity function.
Then if u = z,
Thus g(z)(í) = (l/ra)í(-1+B)g(zn) + lA, if |il-1 and 2g«Gco. Hence g(z)(t) = l/i. Since g(z)EA we have 772(4, A)* {O}.
Thus for three modules representing, perhaps, the most natural ones, we Remark. If B, a, R satisfy (i), (ii), (iii) above, then (iv) is equivalent to (iv') E has a Banach space complement in B.
Remark. If A is semi-simple, then every homomorphism of a Banach algebra B into A is bounded. We note that if /is a commuting (2, A7)-cochain of 4 and /' is cohomologous to/, then/' is also a commuting (2, Af)-cochain of 4. We can thus talk about commuting (2, M)-cohomology classes of A. These are the relevant ones here since the algebra itself is commutative. Theorem 3.1. Suppose A is a commutative semi-simple Banach algebra. If we identify corresponding cohomology classes over isomorphic normed A-modules, then there is a 1-1 correspondence between classes of isomorphic normed singular extensions of A and bounded commuting 2-dimensional cohomology classes of A.
Proof. Consider the normed singular extension \B, a, R) of 4. We shall associate with it a normed A -module (E, •) and a bounded (2, E)-cohomology class of A. As the definition of • take a-r=p(a)r for some p satisfying (iv) of Definition 3.1. If pi also satisfies 3.1 (iv) and aor=pi(a)r, then aor = a-r since pi(a)-p(a)ER and E2= JO}. Thus • is independent of the particular p that is used. Furthermore ||a-r|| ^iVJ|a|| ||r|| where, in fact, N may be taken to be inf ¡|p||. We have therefore defined a normed 4-module (E, •) which is completely determined by \B, <r, E}.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use +5(p-px)(a, b) and so fn is cohomologous to/". Thus the bounded (2, 7?)-cohomology class f" of which /p is a member is uniquely determined in this manner by {73, a, 7?}. We now show that if {73', <r', 7?'} is a normed singular extension of A which is isomorphic under 7 to {73, <r, 7?}, then the cohomology class determined by {73', a', 7?'} in the manner described corresponds in a natural way to that determined by {B,o,R}.
First we observe that if aQA,
and so p'(a) -Ip(a)QR. Hence
showing that 7 is also a bounded operator isomorphism between the two normed ^-modules (7?, •) and (7?', •'). As a result isomorphic normed singular extensions lead to isomorphic normed A"-modules. Since/ is a bounded commuting (2, 7?)-cocycle of A it can be shown that this multiplication is associative and commutative and that with these definitions and operations 73/ is a commutative Banach algebra. If / and fx are corresponding bounded (2, 7?) and (2, 7?i)-cocycles over isomorphic normed A1-modules (7?, •) and (7?i, -i), then it is easily shown that the corresponding normed singular extensions {73/, oy, 7?/} and {73/j, oylt 7?/,} are isomorphic.
[February Finally let/' be a bounded (2, E)-coc}'cle of 4 which is cohomologous to /.with g bounded linear and/=/'+5g.
Consider the map 7: (a,r)^>(a,r+g(a)) which takes B¡ onto B¡>. Since f=f'+bg, we can verify that J((a, r)(b, s)) = J(a, r)J(b, s) showing that J is a bounded isomorphism.
Moreover o-f> (J((a, r) ))=a/'((a, r+g(a)))-a^=af((a, r)), so that o-¡'J=<j¡. Hence the normed singular extensions \B¡, a¡, R¡\ and [Bf, tr¡>, R¡>\ are isomorphic and all is proved. . Suppose {73, a, R} is a normed singular extension of A and 73=Ai©7? = A2©7?. Let 7 be an isomorphism of A onto Ax and define a normed Amodule (7?, •) by a-r = I(a)r. Since j4iC73 we can write each aiG^i uniquely as ai = h(ai)+r(a{) where A(ai)G42 and r(ai)ER. Clearly the map ci-*h(ai) is an isomorphism of ^4i into A2. Also one can verify that a->r(I(a)) is a bounded derivation of 4 into (E, •)• Since 771(4, E) = {o}, r(7(a))=0 and so oi = A(ai). Thus Ai is a subalgebra of A2. Similarly A2 is a subalgebra of ^4i. Consequently Ai = A2 as needed.
An induction argument can be used to show that this theorem remains valid if {B, a, R} is any normed extension of A with E nilpotent.
Cohomology groups of C(X).(i) The main object of this section is to
prove that the cohomology groups Hl(C(X), M) and H2(C(X), M) are trivial for all normed C^X")-modules (M, •). In order to prove that H2(C(X), M) = {o} for all normed C(X)-modules (M, •) we shall use some results on extensions of bounded multilinear maps. First let P be an arbitrary Banach space. For each bounded linear functional h on P we write (x, h) for the result of the operator h on the element xEP. P* will denote the linear space of bounded linear functionals on P and setting ||ä|| =sup{ | (x, h) | | xEP and ||x|| = 1}, P* is a Banach space. There exists an isometric isomorphism 0 of P into P** such that for all hEP*, (x, h) = (h, <p(x)). When there is no possibility of confusion the same symbol x will be used for both the element xEP and its image <b(x) in P**. Further we shall write <p(P) as P. In this sense, then, a Banach space P is reflexive if, and only if, p = p** The w*-topology in P* is that topology generated by sets of the form N(ho, pi, ■ • • , p»; «) = {âGP*| \(Pí, h)-(Pi, A,)| <e, *-l, ■ ■ ■ , n] where AoGP*, pi, ' • • , pnEP and e>0. A net {&"}»£# in P* is «»""-convergent to hEP* provided (y, hn)^*(y, h) for all yEP-Since P is w*-dense in P**, if xGP**, there exists a net {x"}"etf in P which is w*-convergent to x.
Let U be a bounded linear map of a Banach space P into a Banach space Q. Then the adjoint map U*: Q*-*P* is defined by (p, U*q*) = (Up, q*) for all pEP and q*EQ*. U**: P**->Q** is defined by U** = (U*)*. The properties of U* and U** are well known. In particular if pEP, U**(p) = U(p).
(') The author thanks the referee for indicating shortcuts in the original proofs of Theorems 4.1 and 4.2.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
1962] COHOMOLOGY GROUPS OF COMMUTATIVE BANACH ALGEBRAS 363
Now suppose that P, Q and 7? are Banach spaces and / is a bounded bilinear map of PXQ into 7?. Then in [l ] Arens defined an extension of / to a map f***: P**XQ**-+R**. This map, the adjoint oí f, was defined in the following way. First define /* : 7?* XP-+Q* by (q, f*(r*, p) = (f(p, q),r*) for all pQP,qQQ and r*QR*. Then let/** = (/*)* and/*** = (/**)*. /*** has the property that f***(p, q) =f(p, q) for all pQP and qQQ. Theorem 3.2 of [l] asserts that for fixed qQQ**, p-^f***(p, q) is w*-continuous and also for fixed pQP, q-*f***(p, q) is w*-continuous. In general, though, q-*f***(p, q) is not «/""-continuous. Adopting the terminology of [l], we shall call the bounded bilinear map/ regular if, and only if, q-^f***(p, q) is w*-continuous for fixed pQP**. Theorem 4.2 will show that when P = Q= C(X) each bounded bilinear map on C(X) X C(X) is regular.
If A is a Banach algebra, if P = Q-R = A, and if S: A XA-^>A is defined by S(x, y) =xy, then S*** is an associative multiplication making A** into a Banach algebra which, however, need not be commutative even if A is commutative. If A is commutative, then regularity of 5 means that A** is commutative.
In case X is a compact Hausdorff space the algebra C(X)** is a commutative Banach algebra and is, in fact, isometrically isomorphic to a C(Y) for some extremely disconnected compact Hausdorff space Y.
UA is Banach algebra, (M, •) isa normed A-module, and if T: A XM^>M
is defined by T(a, m) -a-m, then the extension T***: A**XM**-+M** defines a normed A**-module (M**, •) using the adjoint multiplication defined in the last paragraph. There is no confusion in using the same symbol • for both module operations since on AXM, T***= T. It is conceivable that the adjoint of a bounded (k, Af)-cocycle is not a bounded (k, Af**)-cocycle of A**. However, we shall see that if A = C(X), X compact Hausdorff, then the adjoint of a bounded (k, M)-cocycle of C(X) is a bounded (k, M**)-cocydeoiC(X)**. Theorem 4.2. If X is a compact Hausdorff space and R is a Banach space, then every bounded bilinear map f of C(X) X C(X) into R is regular.
Proof. Assume first that 7? is the complex number field. We must show that for fixed xQC(X)**, the map y->/**(*, y) is w*-continuous on C(X)**.
To this end define the bounded linear map T: C(X)-*C(X)* by (Tx)(y) -fix, y) for all x, yQC(X). Then it is easily seen that for x, yQC(X)**, (y, T**x) =/***(*, y) where in considering f***(x, y) we make the natural identification of the complex number field with its double dual space. Since C(X)* is weakly complete [3, IV. 13.22], Theorem VI. 7.6 of [3] implies that the operator T is weakly compact. Hence by VI. 4.2 of [3] , T** maps C(X)** into the natural embedding <p(C(X)*) of C(X)* in C(X)***, i.e.. T**xQC(X)* for all xQC(X)**. Thus if {)»"}"€# is a net in C(X)** and y"->y in the w*-topology of C(X)**, then for fixed xQC(X)**, we have/***(*, %) = (T**x, y") -+(T**x, y) =/***(*, y), i.e. for fixed xQC(X)**, the map y-*f***(x, y) is «/""-continuous.
For arbitrary E the result follows from this by noting that, for each hER*, the map Fn: (x, y)-»(/(x, y), h) is regular and that F***(x, y) = (h,f***(x, y)) for all x, yEC(X)**, again making the proper identification of the complex numbers with its second conjugate space.
It follows from this theorem that if / is a bounded commuting (2, M)-cochain of C(X), then/*** is a bounded commuting (2, M**)-cochain of C(X)**. In particular this shows that multiplication in C(X)** is commutative.
In a similar way to Since every x£C(X) may be approximated by finite linear combinations of these characteristic functions, we obtain d**(x) =0 and hence d(x) = OforallicGC(Z).
The next step is to show that H2(C(X), M) = {o} for all normed unital C(X)-modules (M, •). This could be done directly, and in the case X is compact metric such a proof may be found in [6] . However a simpler proof again follows by using a result of Bade and Curtis [2] . Recall that they have shown that if Y is an extremely disconnected compact Hausdorff space and 73 is a commutative Banach algebra with radical 7? satisfying B/R = C(Y), then there exists a closed subalgebra A1' of 73 with 73 = A' ©7?. From Corollary 3. In the course of the proof we shall need the following lemma which was alluded to in §2. Combining (4.6) and (4.7) we find Proof. We shall show first that if X is extremely disconnected and / is a bounded (2, M)-cocycle of C(X), then/is commuting. To this end let £, £' and £" be mutually orthogonal idempotents in C(X) (i.e., ££' = ££" = £'£" = 0). Then using the fact that/ is a (2, ili ) f(x, y) =/(y, x) in the case X is extremely disconnected. In the general case, if/is a bounded (2, M)-cocycle of C(X), then/*** is a bounded (2, M**)-cocycle of C(X)**. Since C(X)** is C(7) where 7 is extremely disconnected,/*** is a commuting (2, A7**)-cocycle and thus/ is a commuting (2, Jl7)-cocycle of C(X) since/*** restricted to C(X)XC(X) equals /.
Thus by Theorem 4.6, H2(C(X), M) = {o} since that theorem says that every bounded commuting (2, M)-cocycle is a bounded (2, Af)-coboundary. If X is locally compact but not compact then C(X) denotes the algebra, with uniform norm, of complex-valued continuous functions on X which vanish at the point of infinity. This commutative Banach algebra has no identity. If we adjoint a unit to C(X), then the new algebra is isomorphic to C(X') where X' is the one point compactification of X.
If X is locally compact and (M, •) is a normed C^X)-module, then (M, •) can be extended in the canonical manner to be a unital normed C(X')-module. Thus using Theorem 1.6 we have the following. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
